Rules for integrands of the form (a + b ArcTanh[c x"])P

1: J-(a+bAr'cTanh[cx"])”d1x when pez* A (n=1Vp==1)

Derivation: Integration by parts

. -1 -1
Basis: Ox (a + b ArcTanh[c x"])P =bcnp * (a*bﬁr_iaxrlhn“x” =

Rule:lf pez*A (n=1Vp=1),then

x" (a +bArcTanh|c x"])""1
J(a+bArcTanh[cx"])pdx — X (a+bArcTanh[cx"])p—bcan dx

1_CZX2n

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_“n_.])"p_.,x_Symbol] :=

X* (a+bxArcTanh[c*x*n])*p -

bxcxn*xpxInt [X n* (a+bxArcTanh[c*x”n])*(p-1) / (1-c*2xx”* (2%n)) ,x] /;
FreeQ[{a,b,c,n},x] & IGtQ[p,0] && (EqQ[n,1] || EqQ[p,1])

Int[ (a_.+b_.*ArcCoth[c_.*x_“n_.])"p_.,x_Symbol] :=

X* (a+bxArcCoth[c*x*n])*p -

bxcxnxpxInt [Xx n* (a+bxArcCoth[c*x”n])*(p-1) / (1-c*2xx”* (2%n)) ,x] /;
FreeQ[{a,b,c,n},x] & IGtQ[p,0] && (EqQ[n,1] || EqQ[p,1])



Rules for integrands of the form (a+b arctanh(c x~n))"\p

2. j(a+bAr‘cTanh[cx“])pdlx whenp-1€zZ*A nez

1: J(a+bArcTanh[cx"])pdx whenp-1€zZ*A nez*

Derivation: Algebraic expansion

Basis: ArcTanh [z] == te8L=zl _ Logll-z]

Log[1+z]  Log[1-z"!]
2 2

Basis: ArcCoth[z] ==

Rule:lf p-1€2z* A nezt, then

bLog[1+cx"] blog[l-cx"])P

J(a +bArcTanh|[c x"])p dx — JExpandIntegrand[ a+ , x] dx

2 2

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_"n_])~p_,x_Symbol] :=

Int [ExpandIntegrand[ (a+bxLog[1l+c*x”n]/2-bxLog[1l-c*x”n]/2)"p,Xx],x] /;
FreeQ[{a,b,c},x] && IGtQ[p,1] && IGtQ[n,0]
Int[ (a_.+b_.*ArcCoth[c_.*x_"n_])”p_,x_Symbol] :=

Int [ExpandIntegrand[ (a+bxLog[1+Xx”(-n)/c]/2-bxLog[1-x"(-n)/c]/2)"p,Xx],X] /;
FreeQ[{a,b,c},x] && IGtQ[p,1] && IGtQ[n,0]

2: j(a+bArcTanh[cx"])pdx whenp-1€Z*A nez-

Derivation: Algebraic simplification
Basis: ArcTanh[z] = ArcCoth| > ]

Rule:lf p-1€2Z*A nez ,then



Rules for integrands of the form (a+b arctanh(c x~n))"\p

-n y\p
a+bArcTanh[cx"])?Pdx — a + bArcCoth X dx
C

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_“n_])”"p_,x_Symbol] :
Int[ (a+bxArcCoth[x” (-n) /c])*p,x] /;
FreeQ[{a,b,c},x] && IGtQ[p,1] && ILtQ[n,0]

Int[ (a_.+b_.xArcCoth[c_.*x_”n_])“p_,x_Symbol] :
Int[ (a+b*ArcTanh[x”(-n) /c])”p,x] /;
FreeQ[{a,b,c},x] && IGtQ[p,1] && ILtQ[n,0]

3: J(a+bArcTanh[cx"])pdx whenp-1€Z*A neF

Derivation: Integration by substitution
Basis: If k € 7", then F[x] = kSubst[x"‘1 F[xk] 5y X, xl/k] B, x17k
Rule:lIf p-1e€Z"A neF,letk - Denominator[n],then

J.(a +bArcTanh[cx"])Pdx — kSubst[J‘xk‘1 (a+bArcTanh[c xk"])pdlx, X, xl/k]

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_“n_])”"p_,x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int [x" (k-1) » (a+bxArcTanh [cxx” (kxn) 1) ~p,X],X,x* (1/k) 1] /3
FreeQ[{a,b,c},x] & IGtQ[p,1] && FractionQ[n]

Int[ (a_.+b_.*ArcCoth[c_.*x_"n_])”p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x” (k-1) * (a+bxArcCoth[cxx” (kxn) ]) ~p,X] ,X, X" (1/k) ] ] /;
FreeQ[{a,b,c},x] & IGtQ[p,1] && FractionQ[n]



Rules for integrands of the form (a+b arctanh(c x~n))"\p

u: J(a + bAr‘cTanh[c x"] )pdlx

Rule:

~J‘(a +bArcTanh[cx"])?dx — j(a +bArcTanh[cx"] )P dx

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_"n_.])"p_,x_Symbol]
Unintegrable[ (a+b*ArcTanh[cxx"n])~p,X] /;
FreeQ[{a,b,c,n,p},X]

Int[ (a_.+b_.xArcCoth[c_.*x_"n_.])"p_,x_Symbol]
Unintegrable[ (a+b*ArcCoth[cxx”n])~p,Xx] /;
FreeQ[{a,b,c,n,p},X]



